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structural causal model𝑈 ← 𝑁𝑈𝑊 ← 𝐴𝑈 + 𝐸𝑋 ← 𝑓𝑋 (𝑈, 𝑁𝑋)𝑌 ← 𝑓𝑌 (𝑈, 𝑋, 𝑁𝑌 )
⋅ The proxy 𝑊 ∈ 𝒲 ⊆ ℝ𝑑 has at least the dimension of the
confounder 𝑈 ∈ 𝒰 ⊆ ℝ𝑘, that is, 𝑑 ≥ 𝑘.⋅ 𝑈 ⟂⟂ 𝐸 and 𝐴 ∈ ℝ𝑑×𝑘 has full column rank.⋅ The Fourier transform of the density of 𝐸 has no zeros.

causal function
Let 𝑀0 be the true SCM. We define the causal function 𝜃𝑀0 ∶ 𝒳 → 𝒴 for all 𝑥 ∈ 𝒳 as𝜃𝑀0(𝑥) ∶= 𝔼𝑀0;𝑑𝑜(𝑋∶=𝑥)𝑌 [𝑌 ] = ∫ 𝑦 ∫ 𝑝𝑀0𝑌 ∣𝑈,𝑋 (𝑦 ∣ 𝑢, 𝑥) 𝑝𝑀0𝑈 (𝑢) 𝜇(𝑑𝑢, 𝑑𝑦). (1)

characteristic error mechanism
We show that the error mechanism {𝑝𝑀0𝑊∣𝑈(⋅ ∣ 𝑢) ∣ 𝑢 ∈ 𝒰} is 𝐿∞-characteristic, that is,
for all 𝛿 ∈ 𝐿∞(𝒰) ∫𝒰 𝑝𝑀0𝑊∣𝑈(⋅ ∣ 𝑢)𝛿(𝑢) 𝜇(𝑑𝑢) ≡ 0 ⟹ 𝛿 ≡ 0 a.e. (2)

identifiability of the causal function
If the error mechanism is 𝐿∞-characteristic and
if for all SCMs, which are observationally
equivalent to 𝑀0, it holds that 𝑝𝑀𝑈∣𝑋,𝑌 (⋅ ∣ 𝑥, 𝑦) ∈ 𝐿∞ ⟹ 𝜃𝑀0 is identifiable. (3)

learn the causal function𝑥𝑦𝜀1 𝜀2 ⋯ 𝜀⋅ 𝑤+𝑒 1. Learn 𝑃 𝑀0𝐴𝑈∣(𝑋,𝑌 ) by minimizing the Energy
loss as in Engression [Shen and Meinshausen, 2023].

2. Adjust for 𝐴𝑢 with your favourite causal
function estimator, e.g. EconML [Battocchi et al., 2019].

univariate, linear Gaussian non-Gaussian high-dimensional unknown error mechanism variance
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